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HIGHER RESIDUE PAIRING ON CRYSTALLINE COHOMOLOGY
MOHAMMAD REZA RAHMATI
Abstract. We explain a generalization of the K. Saito higher residue pairing over
the ring of Witt vectors for local system of p-adic isocrystals.
In classical Hodge theory over the complex numbers, to any family of quasi-
projective varieties defined by a projective map f : X → S, one associates the
Gauss-Manin system
(1) (E = Ek = R
kf∗ΩX/S ,∇) 0 ≤ k ≤ 2 dim(Xs)
where ΩX/S denotes the relative de Rham complex and Xs denotes the fiber of f at
s ∈ S. It defines defines a local system V = Rkf∗C whose fiber at s ∈ S is H
k(Xs).
The derivation
(2) ∇ : E → E × Ω1S
is a flat connection, meaning that the solutions to the differential equation ∇w = 0
is exactly V. The construction is compatible with base change and is compatible
with the lifting along an inverse system. From now on lets assume S is a complex
base scheme of dimension 1 and consider the local ring (OS,0,m) at a point 0. We
may form an inverse system rings {O/ml} and simply define the m-adic completion
of OS,0;
ÔS,0 := lim
←
OS,s/m
l
An ÔS,0-module Ê may be defined via an inverse system. If we begin with an inte-
grable connection (E ,∇) on S, it can be extended to
∇̂ : Ê → Ê × Ω1S
Another way to study the local systems in (1) for all k is to consider them as coho-
mologies of the twisted complex
Key words and phrases. Ring of Witt vectors, Complete local rings, Higher residue pairing,
Crystalline cohomology.
1
2 MOHAMMAD REZA RAHMATI
(3) Ω̂• := (DRX [[t]], d̂ = d+
df
t
∧),
̂
H
(−k)
f := H
k(DRX [[t]])
TheOS,0-modulesHf are called the Brieskorn lattices. There exists a k[[t]]-homomorphism
R̂es
f
induced by the trace map on the cohomologies of the
(4) Tr : Hf −→ OS,0[[t]], R̂esf =
∑
k
R̂es
(k)
f (•)t
k
There are also dual definitions of other OS,0-modules H
(k)
f . They satisfy a local
(Serre) duality theorem with Brieskorn lattices
(H
(−k)
f ,∇ : H
(−k−1) →֒ H
(−k)
f )
duality
! (Hˇ
(k)
f , ∇ˇ : Hˇ
(k)
։ Hˇ(k+1))
andH(−k)×Hˇ(k) → OS. These constructions are compatible with completion process
mentioned above. We obtain the higher residue pairing
(5) Kf( , ) :
̂
H
(−k)
f ×
̂
H
(−k)
f → OS,0[[t]]
The pairing is called higher residue pairing due to the works by K. Saito [SA1].
It defines the flat non-degenerate bilinear skew Hermitian product in the variation
of mixed Hodge structure associated to a degenerate family of smooth varieties. It
defines the polarization of the VMHS of E .
A Witt ring over a ring A or the ring of Witt vectors of A, is a copy of the
infinite product A∞, but with specific sum and products given in each component
by polynomials in char = p. Such a ring has characteristic 0. In case the varieties
X and S is defined over a p-adic field K, one can still define the local system E in
(1) by the same definition, but the relative de Rham complex ΩX/S is replaced by
the algebraic de Rham-Witt complex WnΩX/S of algebraic de Rham complexes over
the truncated Witt rings. Therefore one obtains local systems of p-adic isocrystals
(6) (En = R
kf∗WnΩX/S ,∇n)
whose limit defines a crystalline local system. The stack of such a local system at
any geometric point of s ∈ S (defined over a p-adic field K) is a representation of
the residue field of s of cristalline type (in fact of Hodge-Tate type) given by the
crystalline (or the e´tale) cohomology of the smooth fibers. We may repeat the above
process to obtain
WnR̂es
f
n =
∑
k
WnR̂es
f
k,n(•)t
k
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with R̂es
f
k,n the induced maps by the trace on the cohomologies of (3). Therefore we
can define the higher residue pairings
WnK
f
n( , ) : WnH
f
(0),n ×WnH
f
(0),n → OS,0[[t]]
By passage to the limit we obtain the following;
Theorem 0.1. (Higher residue pairing on crystalline site) There exists a K =
Frac(W (k))-sesquilinear form
(7) WKf ( , ) : W Ĥf(0) ×W Ĥ
f
(0) →W ÔS,0[[t]]
Let s1, s2 be local sections of WH
f
(0), then;
• WKf(s1, s2) = WKf(s2, s1).
• WKf(v(t)s1, s2) = WK
f(s1, v(−t)s2) = v(t)WK
f(s1, s2), v(t) ∈ OS[[t]].
• ∂V .WK
f(s1, s2) = WK
f(∂V s1, s2) +WK
f(s1, ∂V s2), for any local section of
TS.
• (t∂t + n)WK
f(s1, s2) = WK
f(t∂t.s2, s1) +WK
f(s1, t∂t.s2)
• The induced pairing on
WHf(0)/t.WH
f
(0) ⊗WH
f
(0)/t.WH
f
(0) → K¯
is the classical Grothendieck residue.
The conjugation is formally done by g(t)⊗ η = g(−t).η, g ∈ W (OS), η ∈ WAS(X).
The flat pairing (4) may be regarded as universal pairing on the local system of
isocrystals defined by the variation of crystalline cohomology of quasi-projective va-
rieties in a degenerate family over the p-adic unit disc.
The period isomorphism between crystalline and e´tale cohomology with coeffi-
cient in Cp implies that a similar form can be defined in variation of p-adic e´tale
cohomology.
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